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ABSTRACT: The static and dynamic structure factors for star polymers in © solutions are derived for
semiflexible models and the partially stretched (PS) arm model. The PS model for the static structure factor
is found to be in fairly good agreement with SANS experiments with exclusion of the high-k region, where
only a qualitative agreement is obtained. The nonpreaveraged first cumulant for the PS model reproduces
fairly well the peculiar effects found by neutron spin—echo experiments even though those experiments were
carried out in good solvents. The effects of preaveraging and screening of the hydrodynamic interaction are
considered. Resultsforthe fulldynamicstructure factor are presented only in the preaveraging approximation.

Introduction

Our recent model for star polymers in O solutions was
applied to the evaluation of static and dynamic properties
such as the shrinking factor for the mean square radius
of gyration and the bond relaxation times in paper 1! and
paper 22 of this series. In the model the star polymer is
described as a semiflexible chain with partially stretched
arms to take intoaccount the segment concentration effect
inthe star core. The dynamics were derived inthe ORZLD
(optimized Rouse-Zimm local dynamics) approach,3*
which is of great utility for a general treatment of
topological effects in a large hierarchy of polymer models.
More recently, areduced description was introduced which
uses the symmetry of the regular star to reduce the
computation times required for the calculation of the
dynamic properties of long-arm stars. Results for the local
relaxation times were first presented.? This reduced
description is applied in this paper to the calculation of
the static and dynamic structure factors of the partially
stretched model.

Extensive experimental results®? obtained by SANS
and neutron spin-echo experiments were presented for
these structure factors, showing interesting peculiar effects
due to the star topology such as the emergence of a
maximum in the Kratky plot for the static structure factor
and a related minimum in the normalized first cumulant
plot. These effects are only partially accounted by the
classic Gaussian theory.1%1! Better agreement was achieved
by RIS Monte Carlo simulations® taking into account both
the detailed structure of the polymer and the structure of
the star center and by wormlike models with and without
specificstar centers.® Evidence comes out of the relevance
of the stretching in the arm interior part. In this paper,
we will take into account both semiflexible arms and
stretching to derive models for the static structure factor
and the dynamic structure factor with its cumulant to
explain the peculiar topological experimental effects.

Structure Factors for a Regular Star

Consider a regular star of f arms, each with N bonds of
length [ and a total number of beads n

n=Nf+1 (D)
0024-9297/93/2226-4196$04.00/0

The position of the ith bead at time ¢ is R;(t). The beads
are conventionally ordered as i = 1 for the star center and
i=2,.,N+1;N+2,.,2N+1;...; Nf+ 1 for thesequence
of f arms.,

We first introduce the dynamic structure factor ex-
pression in the ORZLD approximation. Then we will
consider the nonpreaveraged generalized Gaussian case.

The dynamic structure factor is defined, taking into
account the Gaussian nature of the random forces in the
fluid, as

n

S(k,t) = n? Z exp{-(k%/6)([Ry(t) - R;(0)*)}
W
= exp(-k*Dt) Sy(k,t) 2)
with the second equation obtained after separation of the

center of mass motion, D the translational diffusion
constant, and

n

Si(k,t) = n? Z exp{-(k%%/6)d,(t)} ®

b

depending on the relative adimensional intramolecular
dynamic distances d;?(¢). The S; part can be written for
a regular star in the computationally convenient form

Si(k,t) = n—2{E11(k,t) + fIS,(k,t) + (f— DS (k,D)]} @

with the self term

N+1 N+1 N N+1
Skt) =23 Eykt)+ 3 Eykt +23 3 Eykbd
=2 =2 1=2 j=i+l

()

relative to the same arm and the cross term

N+1 N N+1
Sc(k,t) = Z E,’+N,i(k,t) +2 Z Z Ei_,_NJ-(k,t) (6)
=2 =2 j=i+1

relative to different arms. The E;; quantity is defined as
E(kt) = exp{~(R**/6)d, (1)} G
The calculation of S, only requires a total of 2N + N(N

-1)/2 dynamic distances on the same arm, and S, requires
N(N + 1)/2 distances between two arms, thus optimizing
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the computation time. The intramolecular dynamic
distances d;;%(t) are calculated in the ORLZD bead model
as!?

n-1

i) = Y @)+ @AW -
=]
n-1
2 Z Q':.Q ;W) exp(=oAt) (8)
a=1

with A, and ', the eigenvalues and eigenvectors of the
product matrix HA and u/; = ()T AQ")gs. The matrix
H, defined as

H;=b,+ {{UR;)(1-8;) )

is the matrix of the preaveraged hydrodynamic interac-
tions, while A is the star structural matrix described
elsewhere.! The bond rate constant o is given as

o = 3k T/I%¢ (10)
with ¢ the bead friction coefficient and

the reduced friction coefficient with o the solvent viscosity.
The important first cumulant relative to S(k,t)

S(k,t)
S(k,O) t=0

using eqs 8 and 9 and the properties of A, and yu’; takes
the ORLZD form

Q(k)/o = (k*1*/3n)[S(k,0)1™" X
L+ (/) ) (1= 8,)(URy) expl-(*/6)d,*O)T} (13)
[N

Q(k) = ~(d/dt) In (12)

For a regular star, eq 13 can be written as in the case of

S(k,t) in the computationally covenient form

Q(k)/ o = (E*/3n)[S(R,0]71 + (5,/n)f(By(k) +
(f-DB.(k)]} (14)

with B, and B, the contributions from one arm and two
arms, respectively:

N+1 N N+1
Bk =2 Fyk)+2 Fyk)  (15)
N+1 N N+1
By(k) = 3 Fiunyk) +2 Finyk)  (16)
=2 im2 Jmi+]
and

It is noteworthy that in the case of the first cumulant a
nonpreaveraged expression is available!®!4 and may be
expressed in the general form

Q(k) = (ksT/$) 3_ ((e-Hyyk) exp(keR;))/ [0S (k,0))
W

(18)

The tensor H;;

H;; =15, + {1 -5)T; (19)
describes the nonpreaveraged hydrodynamic interaction
with

T, = BmnoR;) (1 + R, R/R.D (20)
the Oseen tensor.
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Equation 18 is evaluated! by averaging first over the
orientations and subsequently over scalar distances using
ageneralized Gaussian distribution to obtain Q(k) correct
to second-order moments. The generalized result is

Q(R)/ o = (K*%/3n)[S(R,0)]H{1 +
(&/m) Y (L= 8 UR;@/HH@} @D
LY

with
H(x) = (¢® + 227 exp(-2? [exp(th dt -z (22)

=k R})/6 (23)

and (R;?) = 12d;#(0) the static mean square distances in
the chosenmodel. These equations for the nonpreaveraged
first cumulant are not restricted to simple Gaussian chains
but, using the proper second moments and (!/R;;), describe
stiffness as well as solvent effects.

Inspection of eqs 13 and 21 shows that the preaveraging
approximation amounts to substituting (8/4)H(x) with
exp(—x2) independently of the assumed specific generalized
Gaussian model.

Following the same procedure of the preaveraging case,
eq 21 can be rewritten to obtain an equation identical to
(14) with the definition of Fj;(k) (eq 17) changed to F';;(k):

F(k) = 3/9H®)(URy) ar)

Finally, the ORLZD result for the translational diffusion
constant D takes the Kirkwood form:1€

D = (kgT/n{IL+ (5/m) 3 (UR;)] (24)

1#]
Itremains to calculate the dynamic and static meansquare
distances together with the inverse static distances. Asin
the following we assume for (I/R;;) the Gaussian value

(/Ry} =~ B/m 2 (R,)* (25)

we are left with the computation of only the mean square
distances.

In this paper star models with semiflexible arms
described as freely rotating chains (FRC) or partially
stretched freely rotating chains (PS) are considered. Each
arm has the first N’ (<N) bonds characterized by a valence
angle # and the remaining N — N’ bonds by a valence
angle 6, with

D’ =-cos ¢ (26)

p=-cosf @7
the stiffness of the core and the stiffness of the outer part
of the star, respectively (p’ < p). Following paper 1, the
correlation of the bond vectors attached to the star center
is assumed as

A5y =a (28)

for any two different arms, with 1/ the first bond of arm
i. In this paper « is assumed to take its minimum value
-(f - 1)-!, with the exclusion of the Gaussian case where
a=0.

For polystyrene in © solutions! a value of p = 0.77 was
determined from the experimental radius of gyration of
linear polymers, while values of p’ = 0.87 and N’ = 250
were obtained by fitting the experimental molecular weight
dependence of the shrinking ratio.

g = (5% sear/ (S tinear (29)

The static distances for the FRC and PS models are
calculated by a straightforward procedure outlined in the
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Figure 1. Kratky plot for the static structure factor S(k,0)u?
against u, u = k((S2))/2 for semiflexible FRC models (p = 0.77).
Regular star polymers (f = 12): lower curves. Linear polymers
atthesame molecular weight: upper curves. The curvesdecrease
with increasing number of beads: n -1 =240, 480, 720, 960, 1200,
and 1440. The dashed curves are the two Gaussian limits.
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Figure2, S(k,0)k2against k for some star models at M = 467000,
f=12,and N = 374. FS: fully stretched arm model with p =
0.87. PS: partially stretched arm model with p = 0.77, p’ = 0.87,
and N’ = 110. FRC: fully rotating chain star model at p = 0.77.

Dashid curve: Gaussian model with an effective bond length of
8.24 A.

Appendix of paper 1, and the results are reported in
Appendix A of the present paper. The calculations of the
dynamic distances require more sophisticated consider-
ations and are reported in a special section.

Static Structure Factor

The static structure factor S(k,0) is calculated from eq
3inthet— 0 limit given the static distances (see Appendix
A). Figure 1 reports a Kratky plot (u = k({S2))1/2) for
FRC linear and star polymers (f = 12) at p = 0.77 and
different arm lengths N. All the curves display the well-
known universal behavior for small u, while for large u the
curves for star polymers separate from the linear ones and
show a maximum.l® The curves lower as the molecular
weight increases, and in the limit of large N Gaussian
behavior is approached for both linear and star polymers.

Figure 2, reports a plot of S(k,0)k2 against k for three
models describing polystyrene stars at M = 467000. The
partially stretched star model gives results fairly different
from the simple FRC star (p = 0.77) and from the fully
stretched arm star (FS: p =0.87, N = N’). Onthecontrary,
when the Gaussian model is fitted to have an effective
segment length giving the same radius of gyration as the
PSmodel, the PS curve and the Gaussian curve are similar
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Figure 3. Kratky plot for polystyrene at M = 467000. SANS
experimental results from Huber et al.:® (A). PS model: full
curve. Gaussian model with an effective segment length of 8.24
A: dashed curve.

up tok = 0.4. Forlarger k, the PS curve increases regularly
with & due to stiffness while the Gaussian curve remains
constant. In addition, the PS curve is a bit steeper than
the Gaussian curve after the maximum. As the PS curve
was calculated using the parameters derived from fitting
the experimental molecular weight dependence of the
shrinking factor g, it turns out that also the static structure
factor is sensitive to these parameters.

Figure 3 reports a Kratky plot for polystyrene at M =
467000, where the PS curve is compared to SANS
experimental results.5 Inthe PS model for this molecular
weight, the value N has been reduced from 250 to 110 to
take into account the variance of this experimental point
in the g against M curve. Note that N’ is a much less
sensitive parameter than the stiffness p’ in the fitting
procedure. The agreement with the experiment is ex-
tended up to u = 4, which is a good confirmation of the
model parameters determined by fitting the shrinking
factor.! For higher u values the model gives quantitative
differences with the experiment but a qualitative agree-
ment with the curve upturn due to stiffness. Clearly, for
a better agreement in the limit of extremely large u values
one should use a less rough model for the partial stretching
of the arms and a more appropriate description of the
local stiffness (RIS models).

The First Camulant

The exact first cumulant Q(&) is derived from eq 21 and
the static distances of Appendix A. InFigure4, theresults
are compared for semiflexible (FRC, p = 0.77) and
Gaussian models of linear and star polymers. As is well
known,” in the Gaussian case the topological structure of
the star implies the emergence of a minimum in the
intermediate region between the diffusion-like behavior
(low 1) and the Zimm behavior (high u). In the case of
semiflexible chains we have a smooth minimum even in
the linear case. In addition, linear and star curves do not
match at high u values. Globally, Q(k) increases with
stiffness, and the minimum, characterizing the star
topology, becomes deeper.

The question of the width and depth of the topological
minimum is better analyzed in Figure 5, where model
results for polystyrene at M = 467000 are presented.
Defining as depth d of the minimum the difference between
the values of normalized Q(k)/k3 at the minimum and at
the smooth maximum in the high-u region and as width
Au the value at half the depth, we find for the PS model
d = 45% of the smooth maximum and Au = 3.36. In the
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Figure 4. Exact normalized adimensional first cumulant Q(k)/
[ok3I®] against u for linear (dashed curve) and star polymers (f
= 12; full curves) at the same molecular weight n - 1 = 1440.
Upper curves: FRC modelsat p = 0.77. Lower curves: Gaussian
models (p = 0).
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Figure 5. Exact first cumulant Q(k)/[ok3/3] against u for N =
374 and f = 12. FS, PS, and FRC same as in Figure 2. Dashed
curve: Gaussian model (p = 0).

case of Gaussian stars we get smaller values: d =22% and
Au = 2.85. Itisinteresting tonote that the FRC star gives
d = 45% and Au = 3.95 for the nonstretched model (p =
0.77) and d = 48% and Au = 3.90 for the totally stretched
model (p = 0.87). This implies that the minimum is
enhanced by stiffness and stretching. It is noteworthy
that these PS values are comparable with the results
obtained by neutron spin—echo experiments on polyiso-
prene in good solvents obtained by Richter et al.” (the
width there is given as Av = (f/(3f-2)1/2) Au). Inaddition,
Richter et al.” suggest that in star polymers the screening
of the hydrodynamic interaction due to the high segment
concentration in the interior of the star should cause an
enhancement of the minimum.

In Figure 6 we address this point, comparing results for
PS models at two values of the hydrodynamic interaction
strength {;. As {; decreases from 0.25, typical of linear
chains in 0 conditions, to 0.20, the curve for normalized
Q(k)/k® becomes lower and the depth increases from 45%
to 49%, while the width increases from 3.36 to 3.52. This
is a confirmation that a dynamic model for star polymers
should take into account some screening (increasing with
H of the hydrodynamic interaction due to the high
concentration of segments in the core of the star.

The Dynamic Distances

The ORZLD dynamic distances, given in eq 8 in terms
of normal modes in the bead description, are written now
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Figure 6. Effect of the hydrodynamic interaction on the exact
first cumulant: N =374, f =12, PSmodel. Full curve: {;=0.25.
Dashed curve: {; = 0.20.

in the reduced bond description of paper 2. The reduced
bond description is of great utility, as it reduces the order
of matrices to be diagonalized from n to N, saving an
enormous quantity of computing time, thus allowing one
to treat higher molecular weights. First, we introduce the
definitions of bead normal modes

n-1
Rt =) Qb0 (30)
a=0
and bond normal modes
n-1
Lt = ) Quke(t) (31)
a=1

The bead coordinates are related to the bond coordinates
by the equation

n-1
> M7
J=0

R(t) =

n-1

=1,) + 3 M) (32)

J=
Here, 1, is the coordinate of the center of mass:

n-1
1o(t) = Ryy(t) = nt }: R,(t)
1=0

=R(t)+A (33)

with A the difference between the center of mass Rom(t)
and the center of resistance R.(t). The bead-to-bond
transformation matrix M and its inverse M-! for a regular
star were given in paper 2 as eqs 11 and 58.

The eigenvectors @ are related to the @ by the equation

n-1

Qi = Z Mij_l i (34)
J=0
with
n-1 n-1

ni2 nt Z Qy n Z Q'

Q" = = =0
0
0 Q

(35)

after a proper normalization of Q.
With these definitions the dynamic distances, decou-
pling explicitly the mode relative to the center of resistance
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to the other modes, take the form
(Ry(t) -RyO)F) = 6Dt + I*d,(t)
= 6Dt + (1) + b, 7(t)  (36)
and

&;(t) = (JA(t) - AQO)F) + 2((A@) - A(0)) X
n-1 n-1
[Z ML) - ; M, L(0)]) (37)
=1 =1

is the correction to the bond dynamic distances:

n-1 n-1
b A(t) = <|; M, M, - ; M, LOP)  (38)
=1 =]

The difference A, given in terms of bead modes as

n~1
INOED I AN (39)
a=]
turns out to be zero only in the free-draining case, where
the coefficients d,, defined as

n-1
d,=n") @, (40)
m=0

become identically zero. The term ¢;;(t) becomes zero with
A and is a small contribution, easy to calculate in the bead
mode description but highly computer time consuming in
the bond description because it requires the solution of eq
34 with @’ satisfying normalization conditions and the
relation

> (@ =%, @)

a
Therefore we shall evaluate ¢; only in the bead mode
description to estimate its relative contribution to the exact
dynamic distances. Taking into account that

n-1
Lit) =) Quto® (42)
a=1
and the properties of the bead normal modes, we get the
final bead mode expression for the correction term:

n-1
&) =2 d[1-exp(-oA )W) Q' + Q- d,]
a=1 (43)
with the contribution quadratic in A given by

n-1
(A® -AOF) =2 d[1-exp-oA )W) (44)
a=1
We can now proceed to an estimation of the relative
importance of the terms ¢;;(t) in comparison to the full
dij*(t) terms. For all models, the second term in eq 37
givesthe largest contribution. From expression 43 it turns
out that the maximum value of ¢;(t) is obtained in the
long-time limit. The relative importance, ¢;(t)/d;;(t), is
greater for the dynamic distances with i = j, the maximum
contribution coming from the small i values of the star
core. In the case of Gaussian chains with f = 12 and N
=10, the ! = j = 1 term contributes as much as 20%, while
for other distances the contribution is greatly lower. In
addition, for increasing stiffness, the role of these terms
decreases.

In the next section we will check the contribution of
€;j(t) to S(k,t) for small N and to the first cumulant Q(k)
for higher N.
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In Appendix B, the bond dynamics terms b;(t) are
calculated taking into account the symmetry properties
of M-1and the properties and symmetry of the bond modes
according to paper 2. The result can be summarized in
terms of degenerate and nondegenerate eigenvalues and
eigenvectors of the regular star as

bk(e) = (ry )/ + ()1 = 20 () e (0))/ P +
N

2f ) 2w ML - exp(-oA,")} -
a=1

N
2" Cu(Ey+ By {1 - exp-ar, M)} 45)
a=1

with

N
(rli(t)-rlj(O))/lz = (f_ l)f—l Z DaiDaj("LaD)_1 X
a=l

N
exp(-oA.t) + f Z EE,; (M) exp(-ar Nt) (46)
a=1

for i and j on the same arm, and
N

(P& e 0/ =~f1 3" DuD,(w,”)™ exp(-aNt) +
a=1

N
1Y EuByjlu™) " exp-o)t) (46)
a=1

on different arms. (ri;%){?is the mean square distance of
bead i to the center of the star given in Appendix A. The
coefficients C,, E,;, and D,; are defined as

N
C,=n? Z: (N-k+1)Q,~N 47
-1
Eai = Z QmaN (48)
m=1
i-1
Dy=3 Qu” (49)
m=1

Note that here {A.2, A%}, {QP, @V}, and {u.?, uo} are the
degenerate and nondegenerate eigenvalues, eigenvectors,
and diagonal elements describing the inverse of the mean
square lengths of the modes, given in paper 2.

The Dynamic Structure Factor

The full dynamic structure factor S(k,t) can be computed
in the preaveraging approximation by directly using eq 2
with the exact preaveraged dynamic distances of eq 8.
This procedure, however, is impractical for high n due to
the large dimensions of the matrices to diagonalize. On
the other hand, the use of the reduced description requires
one to approximate the dynamic distance d;? with the
bond mode contribution b;2(¢). This approximation can
be evaluated directly for small N: a typical result is
reported in Figure 7 for the FRC star at p = 0.77, f = 12,
and N = 10. It can be seen that the approximation is
fairly good. For higher N values an estimation of this
approximation can be obtained by studying the preav-
eraged first cumulant. Taking into account that from (36)

b2(t) = d.2(t) - €;(®) (50)

we can derive from (8) and (43) the relationship between
the preaveraged Q(k) calculated using the bond distances
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Figure 7. Normalized preaveraged dynamic structure factor as
a function of the adimensional time r = ot for the FRC star
model with f = 12, N = 10, and p = 0.77 at different kl. Full
curves: exact preaveraged dynamic distances in the bead
description. Dashed curves: approximate dynamic distances in
the bond description.
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Figure 8. Normalized adimensional first cumulant against k!
for PS models at f = 12, N =374, p = 0.77, p’ = 0.87,and N’ =
110. Full curve: preaveraged bead description; dotted curve:
preaveraged bond description; dashed curve: nonpreaveraged
exact result.

and the exact bead distances:

(QE)/ 0pona = k)0 + (2/B) R/, Z f1-8,) X

(URy) = [ (YR IS0 expl- <k212/6>d,,2<om

m#i
(51)

The computation of the exact preaveraged Q(k) and of eq
51 requires only the static distances given in Appendix A
and therefore can be performed up to high N values.

Figure 8 reports the comparison of approximate and
exact preaveraged (k) for the PSmodel. The differences
are very small with their maximum at the minimum, where
a difference up to 7% is found.

In the same figure, the exact nonpreaveraged result is
also reported to show the well-known!® large effect of
preaveraging. Incomparisontothe preaveraging, the error
due to the use of bond distances is minor. Therefore in
the remainder of this section we will discuss, as a first
guess to the exact dynamicstructure factor, its preaveraged
form, as computed using the reduced bond distances.

Figure 9 reports a plot of In[S(k,t)/S(k,0)] against Q(k)¢
atseveral values of k! for the PS star. The general behavior
of this plot is similar to that reported for linear chains.1¢
As time increases, the slope increases from the value -1,
which characterizes the short-time behavior. As k! in-
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Ln[S(k,1)/S(k,0)]

0 ‘ 5 10 15 20
Qt
Figure 9. Preaveraged normalized dynamic structure factor
calculated in the bond distance approximation against Qt for ki
= 0.5, 1, 5, and 10 (from top to bottom). PS model with f = 12,
N =200, N = 100, p = 0.77, and p’ = 0.87.

creases, the time range characterized by a slope near -1
extends to larger Qt values as found in the linear case (for
kil =10 the -1 slope is approximately found up to Qt = 7).
Therefore this kind of plot for the dynamic structure factor
does not reveal any peculiar qualitative effect due to the
polymer architecture.

Nevertheless, it could be of interest to compare quan-
titatively these predictions with the experimental behavior
in O solutions to analyze the role of the preaveraging of
the hydrodynamicinteraction and of the partially stretched
semiflexible star model on the long-time behavior of S(&,t).

Conclusions

We have discussed here the static and dynamic structure
factor for a star polymer in O solutions. Calculations are
presented for semiflexible star models and a partially
stretched star model that we already found describe well
the experimental shrinking factor behavior with M. In
the case of the static structure factor our results can be
compared to SANS experiments. The agreement with
the partially stretched star model is again fairly good.
However, in the high-k region, only a qualitative agreement
is obtained, probably due to the rough local details
contained in the model. The effect of the preaveraging of
the hydrodynamic interaction is considered. For the first
cumulant Q(k) a direct comparison with experiment is not
possible as data in © conditions are not available. Nev-
ertheless, the calculated nonpreaveraged Q(k) for the
partially stretched star model is in qualitative agreement
with neutron spin—echo experiments in good solvents. The
role of the screening of the hydrodynamic interaction is
briefly discussed. Inthe case of the full dynamicstructure
factor, results are presented and discussed only in the
preaveraging approximation.

Appendix A

In Appendix A of paper 1 the general expressions (eqs
A3-A10) of the static distances d;;? in terms of static bond
vector correlations were given for stars having two regions
of different stiffness (FRC and PS stars). As that
Appendix did not report the final results, they are reported
here as we need them in the computations of S(k,0) and
Q(k). The results are given for a PS star with an arm
length N, a core region of length N’ and stiffness p’, and
an outer region of stiffness p.

For distances on the same arm and in the interior of a
region of stiffness p (or p’) the result is simply that of a
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freely rotating chain of stiffness p (or p’)
d? = f,2(p) = i - J{A + p)/(1 - p) = 2p/li = jH(1 - P/
(1-p)} (AD)

In the case of distances between beads on two different
stiffness regions on the same arm, the result is

dij2 = w+12(P') + fN’+1,j2(p) +
2pA (PN -11/(p' - 1) (A2)

1<isN; N+2<j<N+1

and

A= -11/p-1 (A3)

On two different arms we have three cases:
If the beads i and j are both in the core region, then

dif = (2@ + 1.} (0) - 204" 4 a9
2<ijJsN+1
and
A=) -1/ - 1) (A5)

If i and j are both located in the outer region, then

dij2 = 2f1,N'+12(P’) + fN’+1,i2(p) + fo+1J2(P) + 2P23Ai +
2p’BA; - 204B* + ()Y 'pB(A; + A) + 0V Pp*A A}
(A6)

N +22ijsN+1

Finally, if i is in the core region and j is in the outer region,
then

dij2 = fuz(P’) + f1N+12(P/) + fN'+1,j2(P) + 2PBAj -
20{BA’; + (p)N"'pA’ A} (AT)
2<i<N+1; N+2<j<N+1
with
B=[@"-1/@'-1 (A8)
Appendix B: Bond Dynamic Distances

The calculation of the bond contribution to the dynamic
distances starts with eq 35:

n-1 n-1
b,A(t) = <|; M, 1) - ; M, L,0P  (BD
=1 =1

Introducing the definition of M-! for a regular star, given
as a block matrix in eq 58 of paper 2, we can separate the
vectors included in (B1) into two cases:

fori=1

n-1 N f
; MM, = -Z_" N-k+DntY 1) (B2
=1 =1 s=1
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and for 1 <i{ < N on the arm ¥

n-1 i-1 N f
Y M=) L ; (N-k+Dn Y 1} (B3)
k=1 a=1 =1 =1

On the right-hand side of eqs B2 and B3 a superscript 6
has been used to identify the arm which the bond vector
belongs to. When eqs B2 and B3 are inserted into eq B1,
the average is split into terms involving scalar products
of the bond vectors of the type (1x7(¢)-1:%(0))/12. Now,
introducing the bond modes and the expression for the
bond eigenvectors @, given in terms of degenerate and
nondegenerate eigenvectors by eqs 40 and 45 in paper 2,
the time correlation between bond vectors is finally
obtained as

N
AIOLONE= (- DF Y Q"R 1) x

a=1
N
exp(-oA"0) + 1) Q@ (1N exp-aA,M) (B4
a=1

for vectors on the same arm v and
N

A OLONE = 1Y QR W) exp(-oN ) +
a=1

N
Y Q1M expl-or,Nt) (B5)
a=1

for vectors on different arms. Note that, in the static limit
and for the freely rotating star with stiffness p and
correlation at the star center o the following summations
are obtained:

N
3 QMM = 11+ ap™ (¢ - 1)1pHH (Be)
a=1

N
Y Q. QL WD)t = 1-ep™ V1P BT
a=1

Using (B4) and (B5) we get the final expression for b;2(t)
reported in eq 45 as a function of degenerate and
nondegenerate eigenvalues and eigenvectors.
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